The geometric aspects of quantum mechanics are underlined most prominently by the concept of geometric phases, which are acquired whenever a quantum system evolves along a closed path in Hilbert space. The geometric phase is determined only by the shape of this path 1-4 and is -in its simplest form -a real number. However, if the system contains degenerate energy levels, matrix-valued geometric phases, termed non-abelian holonomies, can emerge 5 . They play an important role for the creation of synthetic gauge fields in cold atomic gases 6 and the description of non-abelian anyon statistics 7 . Moreover, it has been proposed to exploit non-abelian holonomic gates for robust quantum computation [8] [9] [10] . In contrast to abelian geometric phases 11 , nonabelian ones have been observed only in nuclear quadrupole resonance experiments with a large number of spins and without fully characterizing the geometric process and its non-commutative nature 12,13 . Here, we realize non-abelian holonomic quantum operations 14,15 on a single superconducting artificial three-level atom 16 by applying a well controlled two-tone microwave drive. Using quantum process tomography, we determine fidelities of the resulting non-commuting gates exceeding 95%. We show that a sequence of two paths in Hilbert space traversed in different order yields inequivalent transformations, which is an evidence for the non-abelian character of the implemented holonomic quantum gates. In combination with two-qubit operations, they form a universal set of gates for holonomic quantum computation.
The geometric aspects of quantum mechanics are underlined most prominently by the concept of geometric phases, which are acquired whenever a quantum system evolves along a closed path in Hilbert space. The geometric phase is determined only by the shape of this path [1] [2] [3] [4] and is -in its simplest form -a real number. However, if the system contains degenerate energy levels, matrix-valued geometric phases, termed non-abelian holonomies, can emerge 5 . They play an important role for the creation of synthetic gauge fields in cold atomic gases 6 and the description of non-abelian anyon statistics 7 . Moreover, it has been proposed to exploit non-abelian holonomic gates for robust quantum computation [8] [9] [10] . In contrast to abelian geometric phases 11 , nonabelian ones have been observed only in nuclear quadrupole resonance experiments with a large number of spins and without fully characterizing the geometric process and its non-commutative nature 12, 13 . Here, we realize non-abelian holonomic quantum operations 14,15 on a single superconducting artificial three-level atom 16 by applying a well controlled two-tone microwave drive. Using quantum process tomography, we determine fidelities of the resulting non-commuting gates exceeding 95%. We show that a sequence of two paths in Hilbert space traversed in different order yields inequivalent transformations, which is an evidence for the non-abelian character of the implemented holonomic quantum gates. In combination with two-qubit operations, they form a universal set of gates for holonomic quantum computation.
A cyclic evolution of a non-degenerate quantum system is in general accompanied by a phase change of its wave function. The acquired abelian phase can be divided into two parts: The dynamical phase which is proportional to the evolution time and the energy of the system, and the geometric phase which depends only on the path of the system in Hilbert space. This characteristic feature leads to a resilience of the geometric phase to certain fluctuations during the evolution [17] [18] [19] , a property which has attracted particular attention in the field of quantum information processing 20 . However, universal quantum computation cannot be based on simple phase gates, which modify only the relative phase of a superposition state, unless they act on specific basis states 21 . Furthermore, geometric operations acting on degenerate subspaces have been proposed for holonomic quantum computation fully based on geometric concepts 8 . In this scheme, quantum bits are encoded in a doubly degenerate eigenspace of the system hamiltonian h( λ). The parameters λ are varied to induce a cyclic evolution of the system. When the system returns back to its initial state, it can acquire not only a simple geometric phase factor, but also undergoes a path-dependent unitary transformation, a non-abelian holonomy, which causes a transition between the eigenstates in the degenerate subspace. Because these transformations depend only on the geometric properties of the path, they share the noise resilience of the geometric phase.
In the original proposal 8 , the parameters λ are changed adiabatically in time to guarantee the persistence of the degeneracy. Adiabatic holonomic gates have been proposed for trapped ions 9 , superconducting qubits 22,23 and semiconductor quantum dots 24 . However, they are difficult to realize in experiment because of the long evolution time needed to fulfill the adiabatic condition. Instead, Sjöqvist et al. 15 have proposed a scheme based on non-adiabatic non-abelian holonomies 14 which combines universality and speed and can thus be implemented in experiments.
The main idea is to generate a non-adiabatic and cyclic state evolution in a three-level system which results in a purely geometric operation on the degenerate subspace spanned by the computational basis states |0 and |1 . The third state |e acts as an auxiliary state and remains unpopulated after the gate operation. This is achieved by driving the system with two resonant microwave pulses ( Fig. 1a ) with identical time-dependent envelope Ω(t), but different amplitudes a and b satisfying |a| 2 + |b| 2 = 1 (see Fig. 1c ). The hamiltonian of the system in the interaction picture is
and it causes the initial basis vectors to evolve to the
where T denotes time ordering. In contrast to adiabatic schemes, the |ψ i (t) are not instantaneous eigenstates of h(t). By keeping the complex amplitude ratio a/b of the pulses constant, no transitions between states are induced and the evolution satisfies the parallel transport condition, ψ i (t)|h(t)|ψ j (t) = 0. As a consequence, the evolution is purely geometric with no dynamic contributions.
If the pulse length τ is chosen such that 
FIG. 1. Geometric gate operation on a three-level system. a, Two drive tones with amplitudes a and b and pulse envelope Ω(t) couple the |0 and |1 to the |e state. To lowest order, the direct transition between |0 and |1 states is forbidden. b, Pulse sequence for process tomography: The input state is prepared by sequentially applying pulses on the |0 ↔ |e and |e ↔ |1 transitions (see Methods). The holonomic gate is formed by the simultaneous application of two pulses with envelope Ω(t) and amplitudes a and b. A set of pulses on the |0 ↔ |e and |e ↔ |1 transitions followed by the measurement completes the process tomography. c, Holonomic gate represented on a fibre bundle. A path in the fiber bundle connects initial and final states. The projection of the path in the fiber bundle onto the base manifold spanned by the states {|ψi ψi|}, forms a closed loop C along which the system is parallel transported. The difference between the initial and final points lying on a single fiber corresponds to the matrix valued holonomy U (C), an element of the unitary group U (N ).
is
where we have parameterized the drive amplitudes by the relation e iφ tan θ/2 = a/b. In a geometric picture, the dynamics of the system can be visualized on a fibre bundle in which the closed loop C in the base manifold determines the holonomic operation U (C) (Fig. 1c) . Different values of θ and φ correspond to different paths C.
In our experiments, we realize the holonomic gates using a three-level superconducting artificial atom of the transmon type embedded in a 3D cavity 25 (Fig. 2a) . The cavity is made of aluminium with inner dimensions 32 × 15.5 × 5 mm 3 . The frequency of the fundamental mode is ω ro /2π 8.999 GHz as measured by transmission spectroscopy using the circuit shown in Fig. 2b . The transmon is made of two 500 × 250 µm 2 aluminium electrodes separated by 130 µm and connected via a Josephson junction (Fig. 2c,d) . It is oriented parallel to the electric field of the fundamental mode pointing along the smallest dimension of the cavity (Fig. 2a ). The measured coupling strength between the transmon and the cavity field is g/2π ≈ 110 MHz. To read out the state of the transmon we measure the state-dependent transmission through the cavity 26 . The transition frequencies measured by Ramsey spectroscopy are ω 0e /2π ≈ 8.086 GHz and ω e1 /2π 7.776 GHz. The decay times of both excited states are T 1 = 7 ± 0.1 µs, and the dephasing times are T 0e 2 = 8.0 ± 0.1 µs and T e1 2 = 3.9 ± 0.1 µs. Different holonomic gates are realized by adjusting the ratio of the two drives a/b = e iφ tan θ/2 to values between 0 and 1/ √ 2 with φ = 0. In geometric terms, this corresponds to a gradual deformation of the loop C in the projective Hilbert space resulting in a continuous change from the phase-flip gate σ z to the N OT gate σ x . The envelopes Ω(t) are truncated Gaussian pulses 27 with a width of σ = 10 ns and a total pulse length of 40 ns. With pulses of this length, off-resonant driving of neighboring transitions is negligible. The performance of the holonomic gates is characterized by process tomography performed on all three levels (see Methods). The diagonal elements of the reduced process matrixχ are shown in Fig. 3a as a function of θ with φ = π. The experimentally obtained results are in good agreement with theory. For θ = 0 a single drive on the |e ↔ |1 transition causes a phase shift corresponding to χ ZZ = 1 and the operation U (θ = 0) = σ z . In the case θ = π/4, the Hadamard transformation H = (σ z − σ x )/ √ 2 is generated (Fig. 3b ). θ = π/2 corresponds to pulses with equal amplitude and generates a N OT gate σ x (Fig. 3c ). Because of dephasing and relaxation of both excited states as well as finite fidelities of the microwave pulses, the |e state is slightly populated after the gate operation. This leakage is quantified by computing the trace tr (χ) ≈ 0.96 of the reduced process matrixχ (black dots).
The fidelity of the Hadamard transformation is F H ≈ 95.4% and the fidelity of the N OT operation is F N OT ≈ 97.5%. The numerical solution of a master equation including dissipative processes results in fidelities of F = 97.6% for both processes, in good agreement with the experimental values.
To explicitly show that different loops of the state vector in the Hilbert space result in non-commuting quantum gates, we sequentially apply the geometric Hadamard and the N OT gate in alternating order. The non-abelian character of the operation yields either the operation N OT · H = −(iσ y + 1)/ √ 2 (Fig. 4a) or H · N OT = (iσ y − 1)/ √ 2 (Fig. 4b) . We visualize the operations on the Bloch sphere ( Fig. 4c-d) : N OT · H corresponds to a π-rotation about the H-axis followed by a π rotation about the X-axis. This is equivalent to a rotation about the Y -axis by π/2. On the other hand, H · N OT corresponds to a rotation in the opposite direction, which is in clear contrast to the former operation. By concatenation of operations other than the Hadamard and the N OT operations, rotations about arbitrary axes corresponding to a representation of the complete SU (2) group can be realized. With the explicit demonstration of two non-commuting purely geometric gates, we have shown the universal character of the realized non-adiabatic non-abelian transformation acting on a three level quantum system. A similar scheme applied to two coupled three level systems would complete the universal set of holonomic quantum gates and would allow for performing all-geometric quantum algorithms, which are potentially resilient against noise when short pulses are used 28 . Moreover, holonomic gates demonstrated for superconducting quantum devices, could also be applied to other three-level systems with similar energy level structure.
A. Methods: Process tomography
In order to characterize the gates, we perform full process tomography on the three-level system and reconstruct the process matrix χ exp using a maximum likelihood procedure 29 . Any SU (3) operator acting on a three-level system can be decomposed into nine orthogonal basis operators. As a full set of basis operators we choose {I 01 , σ x 01 , −iσ y 01 , σ z 01 , σ x 0e , −iσ y 0e , σ x 1e , −iσ y 1e ,E}, where σ ij are Pauli operators acting on the levels i and j, I 01 = |0 0| + |1 1| and E = |e e|. The process is fully determined by its action on a complete set of nine input states {|0 , |e , |1 , (|0 + |e )/ √ 2, (|0 + i|e )/ √ 2, (|0 + |1 )/ √ 2, (|0 + i|1 )/ √ 2, (|e + |1 )/ √ 2, (|e + i|1 )/ √ 2}. These states are prepared by sequentially applying identity, π−, and π/2−operations (I, R x (π), R x (π/2), R y (π/2)) on the |0 ↔ |e and |e ↔ |1 transitions. After applying the geometric operation to the input states, we perform full state tomography on the respective output states 30 . The length of a typical sequence is 208 ns (five 40 ns pulses with 2 ns separation). We calibrate the π-pulses on the |0 ↔ |e and the |e ↔ |1 transitions by measuring Rabi oscillations between the corresponding states. From the recorded 9 2 = 81 measurements, the process matrix χ exp is reconstructed. The process is compared to the ideal one (2) by calculating its fidelity as F = tr (χ exp χ th ). Since the |e state serves only as an auxiliary state, we present only the reduced density matrixχ, which describes the processes involving the |0 and |1 states and omits any operators acting on the |e state. The set of basis operators is thus given by {I, X,Ỹ , Z} = {I 01 , σ x 01 , −iσ y 01 , σ z 01 }.
